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Goal
We want to construct the most general long-range inte-
grable spin chain transforming under an arbitrary sym-
metry algebra g by deformations of an ordinary short-
range (e.g. nearest-neighbor) chain [1, 2]. For applica-
tions to supersymmetric gauge theory cf. [3] and related
works. Start with a g-invariant short-range spin chain
whose integrability is expressed by an infinite tower of
conserved charge operators

[Q(0)
n ,Q(0)

m ] = 0.

We focus on charge operators which act locally and ho-
mogeneously on the spin chain.

Deformed Bethe Equations
The short-range Bethe equations as well as the charge eigenvalues are modified through the
deformations induced by (1). While local similarity transformations are compatible with the
boundary conditions, rotation, boost and bilocal deformations twist the boundary conditions. The
result is a set of long-range asymptotic Bethe equations as they appear in gauge/string dualities.
Boost deformations B[Qn] and rotations Γm,n introduce the rapidity map x(uk) into the Bethe
equations. Bilocal deformations [Qn|Qm] yield the dressing phase θ(uk, uj). The validity of
these long-range systems is limited to the asymptotic region where the underlying spin chains do
not exceed the interaction range of the operators.
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Generating Equation
The basic idea is to deform the vector of integrable
charges Q = (Q2,Q3, . . . ) by parallel transport :

DQ(ξ) = 0, with D := d−Ξ. (1)

Here Ξ(ξ) denotes a connection to be specified. This
deformation implies that the algebra among the charge
operators does not change

[Qn,Qm] = fnmkQk, dfnmk = 0.

In particular, integrability of commuting charges
(fnmk = 0) is preserved by parallel transport

[Qn(ξ),Qm(ξ)] = 0.

That is, taking a set of commuting short-range charges
Qn(0) = Q(0)

n , one obtains a set of deformed charges
Qn(ξ) being manifestly integrable.
The connection Ξ has to be chosen such that the de-
formed charges are local and homogeneous operators.

Connection Operators
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Boost Charges
Boost charges B[Qn] are inhomogeneous versions of the
homogeneous integrable charges. The action of the ho-
mogeneous operator is simply multiplied by its position
k on the spin chain. The commutator of a boost charge
B[Qn] with a chargeQm yields a homogeneous operator
independent of k:

[Qn,Qm] =

+ + + = 0

[B[Qn],Qm] =

+ + +k (k + 1) (k + 2) (k + 3) = hom

Boost operators modify the one-magnon charge eigen-
values

Qn|u〉 = qn(u± i
2 )|u〉 → qn(x(u± i

2 ))|u〉

by deformation of the rapidity in form of the rapidity
map x(u).

Bilocal Charges
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Bilocal charges [Qm|Qn] are compositions of two local
charge operators acting on two different positions of the
spin chain. The commutator of a bilocal charge with a
local charge yields a local operator. Both parts of the
bilocal structure commute with the local charge as long
as they are well separated from each other:

[[Qm|Qn],Qr] =
Qm(k) Qn(ℓ)

Qr(j)
∼ 0

+
Qm(k) Qn(ℓ)

Qr(j)
∼ local

Bilocal charges modify the two-magnon scattering ma-
trix S = S(u, v) by the dressing phase θ(u, v)

|u〉+ S|v〉 → |u〉+ e2iθ(u,v)S|v〉.

They have no impact on the dispersion relation qn(u).
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Local Operators
Local operators L include all local and homogeneous
operators invariant under the symmetry algebra g, i.e. all
admissible building blocks for the integrable charges:

Qn → eiεLQne−iεL = Q(0)
n + iε[L,Q(0)

n ] +O(ε2)

These similarity transformations have no impact on the
spectrum of the charge operators .

Basis of Charges Qi
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One can take linear combinations of the charge opera-
tors without influence on their algebra:

Qn → Qn + γQm
This degree of freedom can be understood as a general-
ized rotation of the charge vector Q = (Q2,Q3, . . . ).

Flatness and Interaction Range
Including the boost, bilocal and rotation connection into
(1) we get a covariant derivative of the form

D = d−iB[Qk]Πk−i[Qr|Qs]Υr,s−iGm,n Γm,n. (2)

Parallel transport with respect to this derivative yields
general long-range charges. To reflect gauge/string prop-
erties, one has to choose a λ-parameterized path in mod-
uli space {Π(λ), Υ (λ), Γ (λ)} and order the charges’ in-
teraction range on the spin chain with respect to the per-
turbative expansion in this coupling constant:

Qn(λ) = Q(0)
n + λQ(1)

n + λ2Q(2)
n +O(λ3). (3)

Remarkably this can be achieved by fixing the connec-
tion Γ and imposing flatness. The connection (2) is flat
(D2 = 0) if

0 = dΠk + Γp,k ∧Πp ,

0 = dΥr,s + Γp,r ∧ Υp,s + Γp,s ∧ Υr,p ,
0 = dΓm,n − Γm,p ∧ Γp,n .

Flatness guarantees an expansion of the form (3) to be in-
dependent of the path in moduli space along which one
deforms. The four types of connection operators gen-
erate the whole long-range moduli space found for the
closed g = gl(N) spin chain [4].
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