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AdS/CFT correspondence: Fascinating link between conformal quantum field
theories without gravity and string theory with (both classical and quantized) gravity

Two major (recent) developments in the maximal susy AdS5/CFT, system:

© Integrability in AdS/CFT:
= solution of the spectral problem

@ Scattering amplitudes in maximally susy Yang-Mills,
= relation to light-like Wilson loops
= emergence of dual superconformal symmetry

This talk: Can we connect the two?
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N = 4 super Yang Mills: The simplest interacting 4d QFT

o Field content: All fields in adjoint of SU(N), N x N matrices
o Gluons: A,, 1=0,1,2,3, A=1
o 6 real scalars: @7, I =1,...,6, A=1
o 4 x 4 real fermions: ¥, 4, ¥ 0,6 =1,2. A=1,2,3,4, A=3/2
o Covariant derivative: D, = 0, —i[A,, ], A =1

@ Action: Unique model completely fixed by SUSY

1
5 T v /d4$ Tr[‘_llFi” + 5(Du®)* — §[®r, ®y][@1, ]+

T D 4 — g AP B 0 5] — 5T ot e (01,

@ | Bgyne = 0 Quantum Conformal Field Theory, 2 parameters: N & \ = gyMeN

@ Shall consider 't Hooft planar limit: N — oo with A fixed.
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Most symmetric 4d gauge theory!

e Symmetry: 50(2,4) ® s0(6) C psu(2,2|4)

Poincaré: padzpu (U“)dﬁa Mag;  Mgp

Conformal:  kqs, d (c : central charge)

R-symmetry: 71ap

aA &
)

Poncaré Susy: ¢*“, % Conformal Susy: saA,Eé

@ 4 + 4 Supermatrix notation A = (a, | A)

B mag — %5? (d + %C) . lk‘aﬂ' ) SCT‘B
Jhg = s m“5+§ig“(d—56) q°B
qu S 3 —TAB—%(SSC

A5, J%5) = (6 JA L — (—1)IAHIBDCIHD A 7€
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Observables

e Local operators: O, (z) = Tr[W; Wy ... W,] with W; € {DF®, D*¥, DFF}

H . _ 5ab . .
2 point fct: (Ou(x1) Op(x2)) = (01— 22)25:00 A4(N)  Scaling Dims
. Cabe A
3 pOlnt fct: <Oa(l‘1)0b(x2)oc(l‘2)> = Ao +Ap—Ac Ab+A<c_)Aa ActAa—1N,
D) La3 L31

n-point functions follow from OPE

@ Wilson loops:
Wer — <Trpexpz'7§ ds (i A, + il#] 0" ¢1)>
e}

@ Scattering amplitudes:

UV-finite
An({pis his ai}i A) = {IR—divergent}

helicities:  h; € {0, +4, £1}
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Superstring in AdS5 x S°

5
mn

I=VA / dr do [Gﬁ,{}gsw D XX 4+ G55 9, Y ™Y ™ + fermions

da3, | + dz?

o dshyg = R? 2 has boundary at z =0

o VA= g—? , classical limit: v/ A — oo, quantum fluctuations: O(1/v/))

e AdS5 x S® is max susy background (like R and plane wave)

@ Quantization unsolved!

@ String coupling constant g; = ﬁ — 0 in 't Hooft limit

@ Isometries: s0(2,4) x 50(6) C psu(2,2[4)

@ Include fermions: Formulate as —Solggli)(i’g‘é)@ supercoset model [Metsaev, Tseytlin]
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Gauge Theory - String Theory Dictionary of Observables

A, () spectrum of - E(\) string excitation

— . solved (?)
scaling dimensions spectrum

Cabe(A) structure
constants

An({pi, hiyai}; N) (<) . . open string amplitude
‘ —

__— IRBrane
g z=z_IR

(<:>) Only SUGRA: ZAdS[¢|8AdS = J] = ZCFT[J]

Wilson loop We & v minimal surface
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Scattering amplitudes in N' = 4 SYM |

@ Consider n-particle scattering amplitude

hn,f 1

hy,
Planar amplitudes most conveniently expressed in color ordered formalism:

An({pi, hi ai}) = sz D et (A

O'ESn/Zn

X An({polahzn}’-~'7{p0'17h0'1};)\ = QQN)

A,: Color ordered amplitude. Color structure is stripped off.

Helicity of ith particle: h; = 0 scalar, h; = +1 gluon, h; = :I:% gluino
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Spinor helicity formalism

o Express momentum and polarizations via commuting spinors A%, \%:

P = (M) p, = \°\Y & p,pt =detp® =0

@ Choice of helicity determines polarization vector €* of gluon

>\a~o'z ~ .
h=+1 &%= [NZ] N = g5 AR
YL WP P

1, [t arbitrary reference spinors.

o E.g. scalar products: py - pa = (A1, Aa) [Ao, A1] = (1,2) [2,1]
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Scattering amplitudes in N’ = 4 SYM ||

@ Gluon amplitudes: A, (17,2%,....n")=0=A,(17,2%,...,n")
by SUSY Ward identity

e Maximally helicity violating (MHV) amplitudes
A, (1727 G-D T G+ DT et =
Ao A AN N7 ATV = Y MY (i s} A)

MHV _ (1,4)"
A _<1,2>(2,3)...<n,1)

Parke-Taylor formula: [Parke, Taylor]

] BDS ConjeCtU re [Anastasiou,Bern, Dixon,Kosower; Bern,Dixon,Smirnov]
MHV _ MHV L1
IOg Mn - FCUSP(A) : Mn,l-loop,finite + “672 + g”

True for n = 4,5 known to receive corrections for n > 6

[Drummond,Henn,Korchemsky,Sokatchev; Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]

= We know all 4 and 5 point amplitudes to all loop order!
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Scattering amplitudes in N’ = 4 SYM ||

@ Gluon amplitudes: A, (17,2%,....n")=0=A,(17,2%,...,n")
by SUSY Ward identity

e Maximally helicity violating (MHV) amplitudes
A, (1727 G-D T G+ DT et =
Ao A AN N7 ATV = Y MY (i s} A)

MHV _ (1,4)"
A _<1,2>(2,3)...<n,1)

Parke-Taylor formula: [Parke, Taylor]

] BDS ConjeCtU re [Anastasiou,Bern, Dixon,Kosower; Bern,Dixon,Smirnov]

1 1
MHV MHV « »
log M, = 1—‘cusp(/\) : Mn,l-loop,finite + €2 + ¢

True for n = 4,5 known to receive corrections for n > 6

[Drummond,Henn,Korchemsky,Sokatchev; Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]
= We know all 4 and 5 point amplitudes to all loop order!

o N*MHV amplitudes have rather complicated structure! = Better formulation?
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On-shell superspace

@ Introduce Grassmann variables 7]{4 A=1,2,34 i=1,...,n [Nair]
@ Superwavefunction:
®(p,n) = G (p) +n"'Talp) + %nAnB Sap(p) + %nAnB n“eancnl” (p)
+% PnnPeasepG (p)
@ Express amplitudes compactly in on-shell superspace (A, 5\0",17;4)

o MHV-superamplitude: Packaged gluon*-gluino®!/2

i ~ SIS ANG) 663) (30, Aap)
ANEV o3 Ay Ay 1) = 1(2m)
0 (AL AL NG 5 A, Any ) = 4(27) (1,2)(2,3)...(n,1)

-scalar amplitude
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On-shell superspace

@ Introduce Grassmann variables 7]{4 A=1,2,3,4 i=1,....n [Nair]
@ Superwavefunction:

1 1 _
d(p,n) = GT(p) + 1T a(p) + §nAnB Sag(p) + gnAnB nCeaponl? (p)
1

+4,77 n"n“n eapopG (p)

@ Express amplitudes compactly in on-shell superspace (A, S\é‘,ng“)

o MHV-superamplitude: Packaged gluon®-gluino®!/2

5 5 S (30, AAF) 6B (3, )
AMHV()‘b)\l:nl;---;Anvkn’nn) 1(2 )4
(1,2)(2,3)...(n,1)
Conservation of ‘fermionic’ momentum:  §®) (3=, A\pd) = (32, Aont)®
n-expansion associates  (1n;)™ = [}, 77;4" with 7th particle of helicity
1—m/2

= ANV =im) s p) Y )t () AV ATk )

i j£k

-scalar amplitude
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Superamplitudes and su(2,2|4) invariance

@ General form of superamplitudes:

o a0 S A A) S (2 A
An = i(2m)* (1,2) (2,3)...(n, 1)

Pr({ s Ay i })

e A, invariant under superconformal group psu(2,2[4):
p7m7m7k7d@r®q,(j73,§@ (C)

PP A, = qO‘AAn =kaaldy, =sqad, =dA,=...=0
@ Realization of psu(2,2|4) generators in on-shell superspace, e.g. [Witten]
n n
Pt = Z A\ A = Z A% = obvious symmetries
i=1 i=1
"9 0

n
o 0
kaa SaA = — — = less obvious sym

i=1 OA] 8)\?
@ Also: Local invariance h; A, =1-A,
Helicity operator: h; = —% A O0io + %S\f‘ Oja + %niA Oia=1—c¢;
= m (Tree) superamplitudes are su(2,2|4) invariant -



su(2,2[4) invariance

o The su(2,2|4) generators acting in on-shell superspace (A%, A&, nh):

P =D AN, koo = Y Diadia

M = Z NiaOig): Mag = Z Ai(adig) »

d =Y [3A 0+ 57 0ia + 1], rp = [-n{'0ip + 150 dicl
qu:Z)\?mA’ (ﬁ=25\?3m,

SaA = zl: Dia;a, sh = inf@a )

C = Z[l + %z\?&m — %X?‘@-d — %nf‘am] .
i
e Invariance: {p, k,m,m,d,r,q,q,s,5,c; } AT\, 5\?‘,77;4) =0
o N.B: Subtleties for colinear momenta due to holomorphic anomalies

[Bargheer, Beisert, Galleas, Loebbert,McLoughlin][Korchemsky, Sokatchev] [Skinner,Mason][Arkani-Hamed, Cachazo, Kaplan]
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On shell recursion techniques

o Efficient way of computing tree level gluon amplitudes: BCFW On shell
recu rsion techniq ues [Britto,Cachazo,Feng+Witten '04,05]

Closed formula for ‘split helicity’ gluon amplitudes (+...+ —...—)

[Roiban,Spradlin,Volovich, Britto,Feng]

@ Reformulation of recursion relations in on-shell superspace through shift in

(}\Z‘, )\) and i [Elvang et al 08, Arkani-Hamed et al 08, Brandhuber et al 08]

@ Recursion much simpler and can be solved!

[Drummond, Henn, Korchemsky, Sokatchev 08; Drummond,Henn 08]

45(4)(Zi Ai 5‘2) 5(8)(Zi Ai i)
(1,2)(2,3)...(n,1)

A, =i(2m) Pree({ i, Ni i)

= P now known analytically (implies in particular pure Yang-Mills result!).
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MHYV Scattering amplitudes in AdS/CFT

@ Dual string description of scattering amplitudes [Alday,Maldacena '07]

- w
IR Brane

= T-dual
&

x123

z=0
Open string amplitude on IR-brane 293! \Wilson loop with light-like segments

@ Cusp points determined by gluon momenta via key relation

H H
pz - xz+1 Ly

|S also seen in conformal 4-pt integrals [Drummond,Henn,Smirnov,Sokatchev 06]
@ Yields strong coupling prediction for four-gluon MHV amplitude via classical
string theory!
@ Indeed BDS conjecture for n = 4 gluons tested:
. 1 1
/\hm lOgMRAHV — \/7/271_ MMHV “72 42
—00 €

n,1-loop F

Fcusp()\ﬂoo) [14/25]



Scattering amplitude < Wilson loop duality at perturbative level

[Drummond,Henn,Korchemsky, Sokatchev]

Planar relation:

In MMAY — 1n W), + div + O(e) W, =+ <TrPexp[ig $c, dat Au]>

Checked up to two loops and n < 6 points
[Drummond,Henn,Korchemsky,Sokatchev;Brandhuber,Heslop, Travaglini; Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]
String interpretation: ~ Combination of bosonic and ‘fermionic’ T-duality
transformation for AdSs x S® superstring.

[Beisert,Ricci, Tseytlin, Wolf;Berkovits,Maldacena]

= Conformal invariance in dual space

= Dual conformal covariance of scattering amplitudes!
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Dual Superconformal symmetry

@ Introduce dual on-shell superspace [Drummond, Henn, Korchemsky, Sokatchev]
ad a Yo aA a A
(@i —@ip1)* = AT AT (0 = 0i0) " = AT

Then 284 and (9;?“4 have standard transformation law under (dual) conformal
transformations

@ Dual superconformal algebra, { P, M, M,K,D® R® Q,Q, S, S}, acting in
dual on-shell superspace (z®%,§24):

a = Z 8iozd ) QaA = Z 81'04.4
ad af dﬂ 0 aB pa B 0
K = Z T, I; w + xZ,; 91 W

Z 05107,5 BB + xzaﬂg‘ﬁAaﬁB
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Dual superconformal symmetry of scattering amplitudes

o Extend dual superconformal generators so that they commute with constraints
(@i = 2i31)"* = APAE (05— i) = A
leads to

v\ of o8 0 8 gan 0
A

( i

+2i6" NiaOig + Tig1 aﬁj\idaw' + Niab7 1 o 0in
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Dual superconformal symmetry of scattering amplitudes

o Extend dual superconformal generators so that they commute with constraints
(2 — Ti01)Y = A NG (6; — 0i1)* 4 = A¢ !
leads to
0
06° 8

_ . O :
Kaa:Za:?ﬁx?ﬁi—l—x?ﬁﬁf‘B

i a%ﬁﬂ
BN O BN BB B
+Zia" Aia 763 + Zit1a" Aia i3 + Aia i+1a9iB

@ Indeed: Trees are dual superconformal covariant:

n n

ad ptree ade p tree aA ptree aA ptree

Koo Al = )" 00 AL SoA plree = N g AT
i=1 i=1

= |K=K+Y,r;and S =S+, 0; | annihilate the amplitude.

@ Beyond tree-level: Dual superconformal symmetry broken by IR divergences.
However, breaking is under control and proportional to I'cysp(g) for MHV
amplitudes. Conjecture: Dual superconformal 'anomaly’ is the same for MHV
and non-MHV amplitudes [Drummond,Henn, Korchemsky, Sokatchey 708k



The natural question

Q: What algebraic structure emerges when one commutes conformal with dual
conformal generators? [Drummond, Henn, Plefkal
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The natural question

Q: What algebraic structure emerges when one commutes conformal with dual
conformal generators? [Drummond, Henn, Plefkal

First Task: Tranform dual superconformal generators expressed in dual space
(z4,0;) into original on-shell superspace (A, A, 1;)!

@ Open chain by droping x,+1 = z1 and 6,11 = 01 conditions, implemented via
o-fets: 6@ (p) 6@ (¢q) = 6 (21 — 2py1) 6® (01 — b,11)

© Express dual variables via “non-local’ relations:
=Y AT et =t ) ag
7<t 7<t

Now set x1 = 67 = 0 by dual translation P and Poincare Susy Q.

© Can now drop all 1 and 6; derivatives in dual superconformal generators.
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Dual psu(2,2|4) generators

@ Dual superconformal generators acting in standard on-shell superspace ()\,5\,77):
Paa =0, Qua=0, Qb=3 n0u=si
i
Mog =D Ni@lipy=Myzs  Mag = Xadigp=mas,
i i
Rip = 27724 Oip — 1655 Oic= —1"p,
D= Z — 1IN0 — NI Oia= —d,
C= Z — 3N Do+ 5N Dia + 30t Dia=1 - ¢,
i
SA=3" N0y + wis1a 00, — 08 i 0im,
i
Saa =Y Xiadia= Gan,
i
Koa =Y 26" Nadis + Tiv10" Nal,g + NabE 1 40im
i

119/25]



Nonlocal structure of dual K and S

o We are left with the dual generators K and S, all others trivially related to
standard superconformal generators.

- noo o o o .
Kaa — '1,;15 )\;Jé — 4 ;1/31 )\oz — + )\oc 91+1 + x;xoz
BN G R

1—1
:Z/\?S‘? m—ZAa
j=1

Nonlocal structure!
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Yangian symmetry of scattering amplitudes in N’ = 4 SYM

@ Can show that dual superconformal generators K and S may be lifted to level 1
generators of a Yangian algebra Y[psu(2,2|4)]:

[Jlgo), J,EO)} = fu° J(EO) conventional superconformal symmetry

[J(gl)’ JZSO)} = fu° Jc(l) from dual conformal symmetry

with nonlocal generators

= bea Z ']z b j,c

1<j<i<n

and super Serre relations (representation dependent). [Dolan, Nappi, Witten]

a c cl(la 0
Ry O R R O SN
= (=)0 T IO faur! fos™ fe 7
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Yangian symmetry of scattering amplitudes in N’ = 4 SYM

@ Bosonic invariance psg A, = 0| with

. 1 o - o
Pl = RaatAKas = B > (M o0+, 67 60—di 616)) Dy i, 60 @50 (i < §)
i<j

@ In supermatrix notation: A = («, ¢|A)

mag—% .g (d—l—%c) . kaﬁ SO.{B
JAB: s ma,@'i'%‘ig(d_%c) 7“B
qAB S 3 —’I“AB — %5;0

and J(I)AB ::—Z(—l)‘@(,]{ac‘u]cg— JAC‘«JCB)

1>]

@ Integrable spin chain picture also for colour ordered scattering amplitudes!

@ Implies an infinite-dimensional symmetry algebra for N’ = 4 SYM scattering
amplitudes!
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Cyclicity?

@ Potential problem (geiserswiten: We have singled out particle 1 <
Yangian-generators are not cyclic but color ordered scattering amplitudes are
cyclic??

@ Resolution: Consider the Yangian generators produced by singling out particle 2:
5 0) +(0
Wert T
2<j<i<n+1

then one shows

JOAL A

s

Jla=...=6

[so[B N

C1

Importantly ¢; A,, = 0 locally! Hence level one generators J(l)AB are cyclic
when acting on amplitudes.

o Linked to vanishing Killing form of superalgebra (—1)I¢l f,. f,4¢ = 0

—=> [K. Zarembo's talk]
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@ Combination of standard and dual superconformal symmetry lifts to Yangian

Y [psu(2,2/4)]

[Picture: Beisert]

@ Tree level superamplitudes invariant:

J o Al =0

for J € Y[psu(2,2]4)].
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Same Yangian symmetry appears in the spectral problem of AdS/CFT!

[Dolan,Nappi,Witten;Beisert, Zwiebel, Torrieli, de Leeuw,. . .]

= Strong hint for integrability in scattering amplitudes!

Challenge at weak coupling: Does Yangian symmetry extend to the loop level?

Breaking of dual conformal invariance at loop level under control  [korchemsky's talk]
Can breaking of standard conformal invariance at loop level be controlled?

Ampitudes at Strong coupling: Invariant under Yangian symmetry?

Is form of tree amplitudes fixed by Yangian symmetry?

= Needs to include colinear limits = length changing effects

[Korchemsky’s and McLoughlin’s talk]

Can it constrain the form of the higher loop amplitudes?

In particular is the ‘remainder’ function for n > 6 point MHV amplitudes fixed?
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